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Inspired by nonequilibrium thermodynamics

— Sohl-Dickstein, Weiss, Maheswaranathan, Ganguli'15

Forward Diffusion

GPT-image-2 seedance-2.5 RFdiffusion
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noise noise noise

o forward process: diffuse data into noise
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noise noise

1/'2 DR PYY R <A ....... YT
Stein score function
st(-) = Viegpx,()| s7()

e forward process: diffuse data into noise

e reverse process: convert pure noise into data-like distributions

Goal: Y, ~X;, t=T,--,1 J
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1. score learning/matching: learn estimates s;(-) for Vlogpx,(-)
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denoising network

T oE - leamn si(+) = Vlogpx,(+)

1. score learning/matching: learn estimates s;(-) for Vlogpx, (-)

2. data generation: sampling w/ the aid of score estimates {s;(-)}
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denoising network

\\C: 7

////
< 7/
%4 x> /5’
4w é;j <)
R 2
NN | élyy)r\\—\‘
g N,
YO <A Yl 4‘ Y'2 <

+ - learn s(-) =

v longt(.)

1. score learning/matching: learn estimates s;(-) for Vlogpx, (-)

2. data generation: sampling w/ the aid of score estimates {s;(-)}

6/ 25



Mainstream diffusion models

Denoising Diffusion Probabilistic Models DENOISING DIFFUSION IMPLICIT MODELS

Jiaming Song, Chenlin Meng & Stefano Ermon

Jonathan Ho Ajay Jain Pieter Abbeel Stanford University

UC Berkeley UC Berkeley UC Berkeley {tsong, chenlin, ermon}@cs.stanford.edu

jonathanhoOberkeley.edu  ajayjOberkeley.edu  pabbeel@cs.berkeley.edu

Theorem 1 (Li, Wei, Chi, Chen’24, Li, Yan’24)

With perfect scores, both DDIM & DDPM yield TV (px,,py;) < € in

O(d/e) iterations.

e d: ambient dimension

v

— Lee, Lu, Tan 22
— Chen, Lee, Lu'22

— Benton, De Bortoli, Doucet, Deligiannidis '23
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Mainstream diffusion models
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Jiaming Song, Chenlin Meng & Stefano Ermon

Jonathan Ho Ajay Jain Pieter Abbeel Stanford University
IC Berkeley UC Berkeley UC Berkeley {tsong, chenlin, ermon}@cs.stanford.edu

jonathanhoOberkeley.edu  ajayjOberkeley.edu  pabbeel@cs.berkeley.edu

Theorem 2 (Dou, Kotekal, Xu, Zhou’24, informal)

For a density on R?, score matching accuracy ¢ is achievable with

n=0 (576(60) training samples.

e d: ambient dimension )

— Wibisono, Wu, Yang '24
— Oko, Akiyama, Suzuki '23
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Ambient dimension is the common bottleneck

ImageNet: d = 150, 528 pixels per image
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In practice, diffusion models learn from only 10*~10° training samples,
and DDIM/DDPM yield good samples in only 10'=10? iterations . . .
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Intrinsic dimension

The target distribution pga,ta is said to have intrinsic dimension k if

1
log N°V*"(support(pdata), || - ll2,€0) S klog%

covering number of support of pyata
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Intrinsic dimension

The target distribution pga,ta is said to have intrinsic dimension k if

1
log N°¥*"(support(pdata), || - ||2,€0) S klog =

covering number of support of pyata

e k-dimensional linear subspace

e low-dimensional manifold
e doubling dimension, Minkowski dimension
[ ]
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Our assumptions

e Low dimensional structure: py,:, has intrinsic dimension
k(< d).

¢ Bounded data assumptions:

P([|Xoll2 < Ro) = 1.
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Our assumptions

e Low dimensional structure: py,:, has intrinsic dimension
k(< d).

¢ Bounded data assumptions:

P([|Xoll2 < Ro) = 1.

No smoothness or log-concavity assumptions on pqata. J
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Can diffusion models adapt to intrinsic low dimensionality?
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Can diffusion models adapt to intrinsic low dimensionality?

e Sampling efficiency: number of reverse iterations T’

e Training sample size: number of training samples n



Can diffusion models adapt to intrinsic low dimensionality?

e Sampling efficiency: number of reverse iterations T’



Forward process

noise noise noise

XO ~ Pdata Xt =V atXt—l + v 1-—- OétN(O,Id), t>1
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Forward process

noise noise noise

XO ~ Pdata Xt =V atXt—l + v 1-—- OétN(O,Id), t> 1

e 1 — oy forward step size; its schedule can be chosen.
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DDPM vs. DDIM

denbise deﬁoise denoise
— Ho, Jain, Abbeel '20

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
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DDPM vs. DDIM

denbise deﬁoise denoise
— Ho, Jain, Abbeel '20

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
YT ~ N(Ov Id)

1
thfl = \/77(1/2 + nsdpmst(y}) + J?dpm/\/(o,]d)), t= 1“'7 ety 1

deterministic stochastic
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DDPM vs. DDIM

denbise deﬁoise denoise
— Song, Meng, Ermon '20

2. A deterministic sampler: denoising diffusion implicit models

DDIM
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DDPM vs. DDIM

denbise deﬁoise denoise
— Song, Meng, Ermon '20

2. A deterministic sampler: denoising diffusion implicit models

DDIM

Yp ~ N(Oa Id)

—_

1 .
Yi 1= \/T—t(yt +77?d|m5t(n))’ t=T,---

deterministic
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Interpretations from lens of SDE/ODE

forward process [ Xy =V/1-BiXi1+ VBN, L) J
—

X, = —%B(t)Xtdt + v/B(t)dW, (SDE)
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Interpretations from lens of SDE/ODE

forward process [ Xy =V/1-BiXi1+ VBN, L) J
—

dX, = —%ﬂ(t)Xtdt +/B(t)dW; (SDE)

e I reverse-time SDE w/ same path distribution as X7

time discretization DDPM

e 3 probability-flow ODE w/ same marginal dist. as X7,

time discretization DDIM

15/ 25



Key takeaway: in continuous-time limits, sampling is feasible once
score functions are available

— almost no restriction on target data distributions

— discretization schemes matter




Key takeaway: in continuous-time limits, sampling is feasible once
score functions are available

— almost no restriction on target data distributions

— discretization schemes matter

Question: which discretization adapts to low-dimensional structure?



Main result: convergence in total variation
Theorem 3 (L., Huang, Chen’24)

With exact score functions, both DDPM & DDIM (their original
form) yield TV (px,,py,) < € in

O(k/e) iterations

1

DDIM: Yoy = —— (Vi + 7§ se (V1))

t

<

DDPM: Yio1 =

(Ve + 0" se(Ye) + 0§ N (0, 1))

ﬁ

Qg
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Main result: convergence in total variation
Theorem 3 (L., Huang, Chen’24)

With exact score functions, both DDPM & DDIM (their original
form) yield TV (px,,py,) < € in

O(k/e) iterations

DDIM: Yy = — (m + 1“"sf,(Y,s))
L+ /5=t

(Y;s + (1 — au)se(Yz) + «

5

—_

(1 — Oét)(()ét — &t)

DDPM: Y;; = —a
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where a; = Ht

=1 %
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Main result: convergence in total variation
Theorem 3 (L., Huang, Chen’24)

With exact score functions, both DDPM & DDIM (their original
form) yield TV (px,,py,) < € in

O(k/e) iterations

DDIM:  Yi ) = — (Y;+1”‘st(m))
Iy

(Y;s + (1 — au)se(Yz) + «

5

—_

(1 — Oét)(()ét — &t)

DDPM: Y;; = —a
— o

N(O,Id)>

5

— t
where a; = Hi:l Q;

e originally derived to optimize variational lower bounds!

— Ho, Jain, Abbeel '20
— Song, Meng, Ermon '21
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Convergence rate (in

Adaptation to

Sampler Smoothness total variation) low dimension
Chen et al’22 L-Lipschitz L\/d/T x
Chen et al/23 no requirement \/dz/T X
Benton et al./23 no requirement d/T X
Li & Yan'24a no requirement k2 /T v
Li & Yan'24b no requirement d/T X
Our work no requirement k/T 4

Table 1: comparison with prior DDPM theory

Convergence rate (in

Adaptation to

Sampler Smoothness total variation) low dimension
Chen et al’23 L-Smooth poly(Ld) /T

Li et al'23 no requirement d?/T 4 d5/T? X
Huang et al.'24 L-smooth (Ld)?)T X

Li et al'24 no requirement d/T + (d?/T)"°s T X

Our work no requirement k/T 4

Table 2: comparison with prior DDIM theory
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Crucial choices of coefficients

Both DDPM and DDIM update rules take the form

i1 = (Y + mese(Yy) + oeN (0, 1))

\ft
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Theorem 4 (L., Huang, Chen’24)

Even when starting from X; =Y}, one can have

1-a@ 2 2
&l <1_ e ) LT
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Crucial choices of coefficients

Both DDPM and DDIM update rules take the form

i1 = (Y + mese(Yy) + oeN (0, 1))

ft

Theorem 4 (L., Huang, Chen’24)

Even when starting from X; =Y}, one can have

1-a@ 2 2
&l (1_ e ) LT
O — Ot 1-— Ot ap — O

TV(Xi-1,Yim1) 2 Vd-

To avoid scaling in d, one needs red term ~ 0
e both DDIM and DDPM satisfy this.

e this choice of step size is inevitable.
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What if the scores are inexact?

Theorem 5 (L., Huang, Chen '24, informal)

Under the same low-dimensional assumptions, both DDIM and
DDPM satisfy

~(k
TV(leapY1) = O(T + 5est> .
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What if the scores are inexact?

Theorem 5 (L., Huang, Chen '24, informal)

Under the same low-dimensional assumptions, both DDIM and
DDPM satisfy

~(k
TV(leapY1) = O(T + 5051;) .

e DDPM:
T 1/2
€est = Escore <— { Z {Hst Xt — 5 (Xt>|| }} ) :
t=1
e DDIM: higher-order approximation errors

Osy~ sy,  i=1,2.
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What if the scores are inexact?

Theorem 5 (L., Huang, Chen '24, informal)

Under the same low-dimensional assumptions, both DDIM and
DDPM satisfy

~(k
TV(leva1) = O(T + 5051;) .

How large does the training set need to be?
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Can diffusion models adapt to intrinsic low dimensionality?

e Training sample size: number of training samples n



Adaptation during training

Theorem 6 (L., Huang, Chen, informal)

For any T, there exist estimators satisfying the score conditions
required by both DDIM and DDPM with the sample size n at most

n — Ré)(k)TO(k:)g—Q

est
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Adaptation during training

Theorem 6 (L., Huang, Chen, informal)

For any T, there exist estimators satisfying the score conditions
required by both DDIM and DDPM with the sample size n at most

n — Ré)(k)TO(k:)g—Q

est

e lteration complexity: T =< k/z;
o “Txk/e" + Thm. 6 = n = Ry ROF—0W),

e Estimator: simple kernel-based estimators.
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. - . Low-dim.
Paper Sampler Structural assumption Training sample complexity adaptation
Dou et al.'24 DDPM B-smooth density on RY e~ @@ X
Wibisono et al.'24 DDPM Lipschitz score on R g~ (d+4) X
Cai & Li'25 DDIM B-Hélder density on R? g~ (d+28)/8 X
Oko et al. 23 DDPM f-Besov density on 2 e (+20)/ (B +1) v
-subspace
Azangulov et DDPM [3-smooth density on a e~ (2B+K)/(B+1) v
al.'24 smooth compact k-manifold provided d < poly(1/e)
Yakovlev— noisy 3-Hélder generator O(k) .—(2B+k)/B
Puchkin '25 DDPM from [0, 1]* d € v
DDPM A . O(k) 1.0(k) .—O(k)
Our work & DDIM intrinsic covering number Ry "k € v

Table 3: comparison of training sample complexity
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Concluding remarks

e the original DDPM and DDIM adapt automatically to low
dimensionality.

e the lower bound shows that the step sizes cannot be chosen
arbitrarily.

e score learning can also adapt to low dimensionality.

Papers:

"Low-dimensional adaptation of diffusion models: convergence in total variation,”
J. Liang, Z. Huang, Y. Chen, arXiv:2501.12982, COLT 2025
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Key properties

e Tweedie’s formula. Define

poje(z) == E[Xo | X; = 2], Yope(x) := Cov(Xo | Xy = ).
Then
s (x) = \/O_Tt,umt(x) -z
t - 1— dt )
ey 1
Vsi(x) = A=anr Yoje(x) & 1.

e Posterior concentration (informal). For typical z, there is some
z5(z) € supp(pdata) such that

=%
P(HXO —z5(z)|l2 2 4/ 070&,5 klogT ’ X: = x) < Tk,
t
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Proof sketch

e Sampling: discretization error

2 Tweed ie

E||si(Xe) —si, (X)), > El|pop(Xe) — MOltk(th)Hz = O(k).
e Training: estimate s; via yq
/ Zo 610 (& — V/Gr 20) paata(dao)
/¢17&t (z — V@i o) paata(dzo) 7

poje(x) =

ZX R a,(xf\ﬁx“)

2451 ot( — \/EtX(()i))

ﬁ0|t(95)
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